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Abstract—This work deals with the estimation fusion for
distributed multisensor systems under the framework of local
estimates being taken as probability density functions. The
estimation fusion is formulated to an optimization problem that
minimizes the sum of squared distances between the fused prob-
ability density and each local probability density. The maximum
mean discrepancy, which is a distance between two probability
density functions, is considered. It is defined by the kernel mean
embeddings from the probability density function space to a
reproducing kernel Hilbert space. For the quadratic, cubic and
Gaussian kernels, either the analytical solutions are derived or the
numerical methods are developed for solving the aforementioned
optimization problem. Numerical experiments are provided to
illustrate the performance of the proposed estimation fusion
methods.

Keywords—Distributed estimation fusion, reproducing kernel
Hilbert space, kernel mean embedding, maximum mean discrep-
ancy

I. INTRODUCTION

Multisensor data fusion is widely applied in many fields

such as target tracking, signal processing, machine learning

and artificial intelligence over the past decades [1], [2], [3],

[4], [5]. The purpose of multisensor data fusion is to fuse data

from local sensors into a result which has a more precise and

reliable description for the target. In existing literature, there

are two common fusion architectures which are namely the

centralized fusion and the distributed fusion. The latter has

a less communication burden, higher survivability and faster

computing speed so that it is more worthy of research on the

distributed fusion [6], [7], [8], [9].

For a distributed tracking system, the cross-correlation of

local estimation errors between two sensors does exist due

to the common process noise and the exchange of transmitted

data [10], [11]. In an ideal situation which the cross-correlation

is known, the optimal fused result can be directly obtained ac-

cording to the linear minimum mean-squared error (LMMSE)

rule [12]. However, in the vast majority of practical cases,

it is difficult to obtain the cross-correlation. In order to deal

with the unknown cross-correlation, several approaches have

This work was supported in part by the Sichuan Science and Technology
Program under Grant 2024NSFSC0444, the Key Laboratory of Data Protection
and Intelligent Management (Sichuan University), Ministry of Education,
China, and also the Fundamental Research Funds for the Central Universities
under Grant SCU2023D008.

J. Zhou is the corresponding author.

been proposed. The most widely used method is called the

covariance intersection (CI) algorithm [13], [14]. Based on

different optimization criteria, a great deal of methods has been

proposed. Two commonly used methods are the following.

Minimizing the determinant of the covariance matrix of the

fused result is adopted by the determinant-minimization CI

(DCI) algorithm [15]. And the fast CI (FCI) considers a

new criterion inspired by the Chernoff information criterion

which finds the “halfway” point under the Kullback–Leibler

(KL) divergence from two local probability density functions

(PDFs) [16].

Although it is somewhat effective and convenient, the CI

algorithm is very conservative. In order to make up for the

deficiency, handling with PDFs which contain full distribution

information becomes potentially more useful [17], [18], [19],

[20]. In [19], several fusion approaches dealing with PDFs are

divided into three categories. For the axiomatic approach, the

fusion rule is defined indirectly according to a set of axioms

[21], [22]. The optimization approach can derive the fusion

rule by minimizing the weighted average of a discrepancy

measure or distance between the PDFs. In [23] and [24], the

minimization of the sum of KL divergences from the given

local PDFs to the fused PDF is addressed. In [25] and [26], the

estimation fusion is formulated based on the geodesic distance

between the PDFs embedded on a Riemannian manifold by

taking advantage of the information geometric approach. In

[27], with regard to the supra-Bayesian approach, the fusion

center is considered as a global posterior PDF given the local

PDFs modeled as random observations.

This work provides an estimation fusion framework for the

distributed systems in which the local estimates are charac-

terized as the PDFs. The optimal fusion is formulated by

embedding all local PDFs into a reproducing kernel Hilbert

space (RKHS) [28], [29]. From most existing approaches

for estimation fusion, we can find out that the distance or

dissimilarity such as Shannon entropy [15], KL divergence

[23] and geodesic distance [25] between two distributions

plays an important role when constructing objective functions

in the optimization problems. The inspiration is drawn from

studies of the RKHS. In [30], [31], a class of distances on the

probability space called the integral probability metric (IPM)

is defined to describe the distance between two probability

distributions. Under different function spaces, the integral



probability metric can stand for various of distances such as

Kolmogorov distance, total variation distance and Wasserstein

distance [32]. When the chosen function space is a unit ball

in the RKHS, the particular instance of the IPM is known as

the maximum mean discrepancy (MMD) [32]. By reason of

the reproducing property of functions in the RKHS, we can

theoretically prove that the MMD between two distributions

is equal to the norm of the difference between corresponding

kernel mean embeddings. Moreover, the analytic form of the

MMD can be derived for some special kernel functions and

distributions. For three specific kernel functions which are

respectively the quadratic polynomial kernel, cubic polynomial

kernel and Gaussian kernel, under Gaussian distribution as-

sumption, we formulate the corresponding optimization prob-

lems in which the common criterion is to minimize the sum

of the squared MMDs between the given local PDFs in pairs,

and derive the fusion formulas.

The structure of this paper is as follows. In Section II,

some mathematical notations as well as several basic concepts

and useful results of kernel mean embedding are introduced.

The formulation of the optimal estimation fusion based on

the kernel mean embedding is involved in Section III. Section

IV presents to solve optimization problems and derive fused

results under three different MMDs induced by corresponding

kernel mean embeddings. Section V provides numerical ex-

periments to verify the performance of the proposed methods.

Conclusions are given in Section VI.

II. PRELIMINARIES

This section gives a brief review of some mathematical

notations as well as basic definitions of the RKHS and the

kernel mean embedding. In addition, several useful results are

also supplemented following the definitions.

A. Notations

Throughout this work, all vector-valued random variables

are italicized. Scalars, vectors and matrices are respectively

denoted by lightface, boldface lowercase and boldface upper-

case letters.

Let R+ be the set of all positive real numbers and N denote

the set of all natural numbers. Rn is the set of n-dimensional

real vectors, and S
n
+ represents the set of all n × n real

symmetric and positive definite matrices. In denotes the n×n
identity matrix. The transpose of a vector or matrix is denoted

by the symbol (·)T . The trace, norm, determinant and (i, j)-th
entry of a matrix are respectively denoted by tr(·), ∥ · ∥, | · |
and (·)ij .

The Gaussian density function with mean m and covariance

matrix Σ is denoted by N (m,Σ), and by N (x;m,Σ) to

specify the variable x.

B. Kernel Function and Reproducing Kernel Hilbert Space

Given a vector space X , a binary function k(·, ·) : X×X →
R is called a kernel function or a positive definite kernel on

X if k(·, ·) satisfies the following two conditions [28]:

1) k (x,y) = k (y,x) for any x,y ∈ X ;

2) The Gram matrix K = (k (xi,xj))
n

i,j=1 is positive

definite, i.e.,
∑n

i,j=1 cicjk (xi,xj) ≥ 0, for any n ∈ N,

any choice x1, . . . ,xn ∈ X and any c1, . . . , cn ∈ R.

Consider a Hilbert space H of functions. H is regarded as

a RKHS when the evaluation functionals Fx [f ] defined as

Fx [f ] = f(x) is bounded, i.e., there exists some C > 0 for

all x ∈ X such that

|Fx [f ]| = |f(x)| ≤ C∥f∥H, ∀f ∈ H.
C. Kernel Mean Embedding

For a measurable space X , M(X ) denotes the space of

probability measures over X . When given a kernel function

k(·, ·), in order to find images in H of elements over M(X ),
the mapping from M(X ) to H can be defined as

µ : M(X ) → H, P 7−→
∫

k(x, ·)dP(x).

The above defined mapping from the probability measure

space to the RKHS is called the kernel mean embedding of

M(X ) into H endowed with a kernel k(·, ·) [29], [33].

D. Integral Probability Metric and Maximum Mean Discrep-

ancy

For arbitrary two probability distributions P1 and P2 in

M(X ), a metric called the integral probability metric between

them is defined as

γ [S,P1,P2] = sup
f∈S

{g1(x)− g2(y)} , (1)

where gi(·) =
∫

f(·)dPi(·) for i = 1, 2, S is a space of

real-valued bounded measurable functions on X . From the

definition given by (1), we can see that the metric heavily

depends on the choice of S . Since it is hard to deal with the

whole class of functions, some more restrictive classes are

often considered. When the supremum in (1) is taken over

functions in S1 = {f |∥f∥H ≤ 1}, the corresponding metric is

known as the maximum mean discrepancy which is denoted

by MMD [H,P1,P2].

E. Several Useful Results in Kernel Mean Embedding

Here, we provide some results which will be used later. The

detailed proofs can be found in the related references (e.g.,

[34]).

Lemma 2.1: The MMD of two probability distributions

can be expressed as the norm of the difference between

corresponding kernel mean embeddings, that is,

MMD [H,P1,P2] = sup
∥f∥H≤1

{g1(x)− g2(y)}

= sup
∥f∥H≤1

{⟨f, µP1 − µP2⟩H}

= ∥µP1 − µP2∥H ,

where µPi
is the kernel mean embedding of Pi for i = 1, 2.

And it also can be expressed by the associated kernel function

k(·, ·) as

MMD2 [H,P1,P2] = Ex,x′ [k (x,x′)] + Ey,y′ [k (y,y′)]

− 2Ex,y [k (x,y)] ,



where x,x′ ∼ P1 and y,y′ ∼ P2 are respectively independent

samples.

For some special kernel functions, the inner product of two

Gaussian distributions can be expressed analytically [29], [35].

In fact, we have the following results.

Lemma 2.2: For i = 1, 2, if Pi is an n-dimensional Gaussian

distribution with mean vector mPi
and covariance matrix ΣPi

,

then

1) When k (x,y) = exp
(

−η
2 ∥x− y∥2

)

,

⟨µP1
, µP2⟩H =

exp
(

− 1
2m

T
∗ Σ

−1
∗ m∗

)

|ηΣ∗|
1
2

;

2) When k (x,y) = (⟨x,y⟩+ 1)
2
,

⟨µP1 , µP2⟩H =(⟨mP1 ,mP2⟩+ 1)
2
+ tr (ΣP1ΣP2)

+mT
P1
ΣP2mP1 +mT

P2
ΣP1mP2 ;

3) When k (x,y) = (⟨x,y⟩+ 1)
3
,

⟨µP1 , µP2⟩H =(⟨mP1 ,mP2⟩+ 1)
3
+ 6mT

P1
ΣP1ΣP2mP2

+ 3 (⟨mP1 ,mP2⟩+ 1) · b,

where m∗ = mP1 − mP2 , Σ∗ =
(

ΣP1 +ΣP2 + η−1
In

)

,

b =
(

tr (ΣP1ΣP2) +mT
P1
ΣP2mP1 +mT

P2
ΣP1mP2

)

, η is a

positive real number.

III. FORMULATION OF OPTIMAL ESTIMATION FUSION

Consider a distributed system with ℓ sensors, and the

observed target is x ∈ R
n. For the i-th sensor, it has the local

posterior density pi (x|zi) with the measurement zi ∈ R
n.

The purpose of distributed estimate fusion is to obtain a fused

posterior density denoted as p̂ (x|z1, . . . , zℓ) by integrating

the information of local estimates. For the convenience of

writing, we abbreviate pi (x|zi) and p̂ (x|z1, . . . , zℓ) as pi
and p̂ in the following text, respectively.

Let P be a parametric probability density family and pi
belong to P for i = 1, . . . , ℓ. We aim to utilize a formulated

optimization criterion to find the optimal objective as p̂ in

P . Frequently-used criteria for fusing the PDFs stem from

minimizing the sum of the dissimilarities or distances such as

the Chernoff divergence, the KL divergence and the geodesic

distance. From this perspective, the optimal fusion is formu-

lated as

p̂ = argmin
p∈P

ℓ
∑

i=1

d2(pi, p), (2)

where d(·, ·) is a well-defined distance or dissimilarity between

two PDFs.

With regard to (2), not all distributions can derive an explicit

form of the objective function, so we conservatively take into

account the family of Gaussian distributions which is the most

familiar among various families. Under the framework of the

family of Gaussian distributions, the original local and fused

posterior PDFs can be respectively denoted as N (x; x̂i,Pi)

and N (x; x̂,P), where x̂i, x̂ ∈ R
n and Pi,P ∈ S

n
+. The

optimization problem (2) becomes

N (x; x̂,P) = argmin
N(x;m,Σ)∈P

(m,Σ)∈Rn×Sn
+

ℓ
∑

i=1

d2 (Ni, N (x;m,Σ)) ,

where Ni denotes N (x; x̂i,Pi).

IV. SOLUTIONS USING KERNEL MEAN EMBEDDING

According to Lemma 2.1, the squared MMD between two

distributions P1 and P2 can be written as

MMD2 [H,P1,P2] = ∥µP1
− µP2

∥2H
= ⟨µP1

, µP1
⟩H + ⟨µP2

, µP2
⟩H

− 2 ⟨µP1 , µP2⟩H ,

where Pi is the corresponding distribution of the PDF pi
for i = 1, 2. When the distance in (2) is replaced by

MMD [H,P,Pi], the optimization problem (2) can be written

as

P̂ =argmin
P∈Ω

ℓ
∑

i=1

MMD2 [H,P,Pi]

= argmin
P∈Ω

ℓ ⟨µP, µP⟩H +

ℓ
∑

i=1

⟨µPi
, µPi

⟩H

− 2

ℓ
∑

i=1

⟨µP, µPi
⟩H , (3)

where Ω is a set of distributions. We can observe that the

second term of the objective function in (3) is unrelated to P

so that it can be regarded as a constant term which is neglected.

The original optimization problem (3) can be additionally

simplified as

P̂ = argmin
P∈Ω

ℓ ⟨µP, µP⟩H − 2

ℓ
∑

i=1

⟨µP, µPi
⟩H . (4)

For the Gaussian case, due to Lemma 2.2, the inner

product ⟨µP1
, µP2

⟩H of two distributions P1 and P2 can be

expressed analytically under three special kernel functions. We

will discuss three cases separately and the concrete results

are as follows. For each case, we first discuss the one-

dimensional situation for convenience and then move on to

multi-dimensional situation.

A. Quadratic Polynomial Kernel

When the kernel function is a quadratic polynomial kernel,

in the one-dimensional situation, the inner product between

µ
N(mi,σ

2
i )

and µ
N(mj ,σ

2
j )

degenerates into

〈

µ
N(mi,σ

2
i )
, µ

N(mj ,σ
2
j )

〉

H
= m2

im
2
j + 2mimj + 1

+ σ2
i σ

2
j +m2

iσ
2
j +m2

jσ
2
i . (5)



Substitute (5) into (4), the optimization problem for quadratic

polynomial kernel in the one-dimensional situation can be

written as

N
(

m̂, σ̂2
)

= argmin
N(m,σ2)∈Ω1

ℓ
(

m4 + 2m2 + 1 + σ4 + 2m2σ2
)

− 2

ℓ
∑

i=1

(

m2
im

2 + 2mim+ 1

+σ2
i σ

2 +m2
iσ

2 + σ2
im

2
)

, (6)

where Ω1 is the set of all one-dimensional Gaussian distribu-

tions. In order to derive the partial derivatives with respective

to m and σ2 conveniently, we transform the expression of (6)

into

N
(

m̂, σ̂2
)

= argmin
N(m,σ2)∈Ω1

ℓm4

+

(

2ℓ+ 2ℓσ2 − 2

ℓ
∑

i=1

(

m2
i + σ2

i

)

)

m2

− 4

ℓ
∑

i=1

mim+ c(m), (7)

and

N
(

m̂, σ̂2
)

= argmin
N(m,σ2)∈Ω1

ℓσ4

+

(

2ℓm2 − 2

ℓ
∑

i=1

(

m2
i + σ2

i

)

)

σ2

+ c(σ2), (8)

where c(m) and c(σ2) are the constants unrelated to m and

σ2 respectively.

Let the objective function in (6) denote as f
(

m,σ2
)

. Ac-

cording to (7) and (8), taking partial derivatives of f
(

m,σ2
)

with respect to m and σ2 respectively yields

∂f
(

m,σ2
)

∂m
∝ ℓm3 −

ℓ
∑

i=1

mi

+

(

ℓ+ ℓσ2 −
ℓ
∑

i=1

(

m2
i + σ2

i

)

)

m,

∂f
(

m,σ2
)

∂σ2
∝ ℓσ2 + ℓm2 −

ℓ
∑

i=1

(

m2
i + σ2

i

)

,

where A ∝ B denotes that A is proportional to B.

The final fused results can be derived according to solving

the simultaneous equations















∂f
(

m,σ2
)

∂m
= 0,

∂f
(

m,σ2
)

∂σ2
= 0,

(9)

and the specific form is shown in the following theorem.

Theorem 4.1: The analytic expressions for solutions of (9)

are given by

mquad =
1

ℓ

ℓ
∑

i=1

mi,

σ2
quad =

1

ℓ

ℓ
∑

i=1

(

m2
i + σ2

i

)

−
(

1

ℓ

ℓ
∑

i=1

mi

)2

.

Similar to the one-dimensional situation, the fused results

for the n-dimensional situation are as follows:

mquad =
1

ℓ

ℓ
∑

i=1

mi,

Σquad =
1

ℓ

ℓ
∑

i=1

(

mim
T
i +Σ

2
i

)

− 1

ℓ2

(

ℓ
∑

i=1

mi

)(

ℓ
∑

i=1

mi

)T

.

B. Cubic Polynomial Kernel

When a cubic polynomial kernel is chosen, in the one-

dimensional situation, perform same operations referring to

the above subsection. The partial derivatives about m and σ2

can be calculated and simplified as

∂f
(

m,σ2
)

∂m
∝ ℓm5 +

(

2ℓ+ 4ℓσ2
)

m3

− αm2 +
(

ℓ+ 2ℓσ2 + 3ℓσ4 − 2β
)

m

−
(

δ + ασ2
)

, (10)

∂f
(

m,σ2
)

∂σ2
∝
(

3ℓm2 + ℓ
)

σ2

+
(

ℓm4 + ℓm2 − αm− β
)

, (11)

where α =
∑ℓ

i=1m
3
i + 3miσ

2
i , β =

∑ℓ
i=1m

2
i + σ2

i and δ =
∑ℓ

i=1mi. Let the right-hand side of Equations (10) and (11)

both equal to zero, the fused results can be sought by the

theorem as below.

Theorem 4.2: For the case with cubic polynomial kernel in

the one-dimensional situation, the fused mean mcubic is the

solution of

8ℓ2m7 +
(

13ℓ2 − 12βℓ
)

m5 + (2αℓ− 9δℓ)m4

·
(

6ℓ2 − 8βℓ
)

m3 + (2αℓ+ 3αβ − 6δ)m2

+
(

ℓ2 + 3β2 − α2
)

m− δℓ− αβ = 0, (12)

and the corresponding fused variance σ2
cubic is

σ2
cubic =− 1

3
m2

cubic −
2

9
+

9αmcubic + 9β + 2ℓ

9ℓ (3m2
cubic + 1)

.



Similar to (10) and (11), the partial derivatives of the objec-

tive function with regard to m and Σ for the n-dimensional

case after being simplified are given by

∂f (m,Σ)

∂m
∝ ℓ

(

mTm
)2

m+ 2ℓmTmm

+ 2
(

ℓmT
Σmm+ ℓmTmΣm

)

− (α1 +α2 +α3 +α4)

+
(

ℓm+ 2ℓΣm+ 2ℓΣ2m

+
ℓ

2
tr
(

Σ
2
)

m+
ℓ

2
tr
(

(

Σ
2
)T
)

m

− β1 − β2)− (δ +α5 +α6 +α7) , (13)

∂f (m,Σ)

∂Σ
∝ ℓ

(

mTmΣ+mmT
Σ+ΣmmT +Σ

)

+
(

ℓmTmmmT + ℓmmT

− A1 −A2 −A3 −B1 −B2) , (14)

where

α1 =

ℓ
∑

i=1

(

mTmi

)2
mi,α2 =

ℓ
∑

i=1

mT
Σimmi,

α3 =

ℓ
∑

i=1

mT
i mΣim,α4 =

ℓ
∑

i=1

mTmiΣim,

α5 =

ℓ
∑

i=1

(

tr (ΣiΣ)
T
)

mi,α6 =

ℓ
∑

i=1

mT
i Σmimi,

α7 = 2

ℓ
∑

i=1

ΣΣimi,β1 = 2

ℓ
∑

i=1

mTmimi,

β2 = 2

ℓ
∑

i=1

Σim, δ =

ℓ
∑

i=1

mi,

A1 =

ℓ
∑

i=1

mT
i mΣi,A2 =

ℓ
∑

i=1

mTmimim
T
i ,

A3 = 2

ℓ
∑

i=1

Σimim
T ,B1 =

ℓ
∑

i=1

Σi,

B2 =

ℓ
∑

i=1

mim
T
i .

And the fused results mcubic and Σcubic satisfy

∂f (m,Σ)/∂m = 0 and ∂f (m,Σ)/∂Σ = 0.

From (12), (13) and (14), we can see that the analytic

expressions of fused results in both one-dimensional and

multi-dimensional cases are trickily derived. Some numerical

methods can be employed to solve (12) and find the zero-

points of (13) and (14). For (12), the bisection method and

Newton’s method are adopted to find an approximate solution

of mcubic. The gradient descent method can be utilized for

obtain the zero points of (13) and (14) to seek the fused results

mcubic and Σcubic.

C. Gaussian Kernel

When a Gaussian kernel is selected, the partial derivatives

in the one-dimensional situation are given by

∂f
(

m,σ2
)

∂m
∝ 2η

ℓ
∑

i=1

(m−mi)λ
− 3

2
i ϕi, (15)

∂f
(

m,σ2
)

∂σ2
∝− ηℓ

(

2ησ2 + 1
)− 3

2 −
ℓ
∑

i=1

(m−mi)
2η2ϕiλ

− 5
2

i

+

ℓ
∑

i=1

ηϕiλ
− 3

2
i , (16)

where

λi = ησ2 + ησ2
i + 1, ϕi = exp

(−η(m−mi)
2

2λi

)

.

As for the n-dimensional case, the partial derivatives of the

objective function with regard to m and Σ are

∂f (m,Σ)

∂m
∝ 2

ℓ
∑

i=1

(

ψi |Λi|−
1
2

(

Λi

η

)−1

εi (m)

)

, (17)

∂f (m,Σ)

∂Σ
∝− ℓη |Λ′|−

1
2 (Λ′)

−1 −
ℓ
∑

i=1

(

ψi |Λi|−
1
2

·
(

Λi

η

)−1

εi (m) (εi (m))
T

(

Λi

η

)−1

− ηψi |Λi|−
1
2 Λ

−1
i

)

, (18)

where

Λi = ηΣ+ ηΣi + In,

Λ
′ = 2ηΣ+ In,

εi (m) = m−mi,

ψi = exp

(

−
εi (m)

T
(

Λi

η

)−1

εi (m)

2

)

.

Let the partial derivatives (15)–(18) be zero, the solutions

are respectively denoted by mGauss and σGauss for the one-

dimensional case and by mGauss and ΣGauss for the multi-

dimensional case. Although it is difficult to obtain the analytic

solutions, one can use numerical algorithms to seek approx-

imate solutions as the same as the cube polynomial kernel

case. Specifically, the gradient descent method and Newton’s

method can be employed to find the zero points of (15)–(18).

V. NUMERICAL EXAMPLES

In this section, we present the performance of the proposed

method through numerical experiments considered in [25]

and [36]. The PDF in the proposed method is available by

embedding the first two order moments of the each local

estimate into a Gaussian distribution which is reasonable due

to maximum entropy principle. The DCI and FCI algorithms

are adopted for comparison. The root mean squared error

(RMSE) is adopted to evaluate the performance of the fused

estimate. It is estimated by averaging 500 Monte Carlo runs.



The free parameter η in the Gauss kernel is considered to be

fixed, and let η = 1.

A. One-Dimensional Static Case

Suppose two local sensors are set to observe a scalar static

target with the state x ∼ N
(

x̄, P̄
)

. For each sensor, the

observation equation is

zi = x+ vi, i = 1, 2,

where [v1, v2] is zero-mean Gaussian noise with covariance

matrix

R =

[

R1 ρ
√
R1R2

ρ
√
R1R2 R2

]

,

and its components are independent of x. The local sensors can

obtain LMMSE estimates (x̂i, Pi) by given prior information

of x and measurements zi.
In this simulation, the correlation coefficient ρ varies in the

interval (−1, 1) and x̄ = 1, P̄ = 25, R1 = 3, R2 = 6.
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Fig. 1. The RMSEs of fused mean estimates.

The RMSEs of fused estimates by the considered methods

are illustrated in Fig. 1. We can see from it that, in contrast

to DCI algorithm, all three proposed methods through kernel

mean embeddings perform well for negative ρ, and worse per-

formance for large positive ρ. Compared to the FCI algorithm,

the proposed method is nearly equal performance for quadratic

polynomial kernel, more effective except ρ ∈ (−1,−0.3) for

cubic polynomial kernel, and consistently better for Gaussian

kernel.

B. Two-Dimensional Dynamic Case

Consider a dynamic system with two sensors to track some

target. The specific system is modeled by

xk+1 =

[

1 ∆T
0 1

]

xk +

[

(∆T )2/2
∆T

]

wk,

zik = Hix
i
k + vik, i = 1, 2

where k is the time index, the sampling interval ∆T = 1, the

components of the state xk are respectively the position and

velocity, Hi is the measurement matrix of the i-th sensor, wk

is zero-mean Gaussian process noise with variance Q,
[

v1k, v
2
k

]

is zero-mean Gaussian measurement noise with covariance

matrix Rk, and all process and measurement noises are

mutually independent and independent of x0.
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Fig. 2. The RMSEs of the fused position estimates.
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Fig. 3. The RMSEs of the fused velocity estimates.

For the i-th sensor, the local estimate xi
k and its estimation

error matrix P
i
k at k∆T instant are obtained by Kalman

filtering, and then the local PDF is N
(

xi
k,P

i
k

)

by embedding

to the space of Gaussian distributions.

In this simulation, the covariance matrix Rk is

Rk =

[

R1
k R12

k

R21
k R2

k

]

,

where R12
k = R21

k ≜ ρ
√

R1
kR

2
k. The initial state x0 is

generated from a Gaussian distribution with mean x̄ and

covariance matrix P̄. Similar to the above state case, we

evaluate the RMSEs for different methods at k = 10. The

concrete parameters are set as

H1 = [1, 0],H2 = [0, 1], Q = 5, R1
k = 10, R2

k = 2,

x̄ =

[

7
4

]

, P̄ =

[

20 0
0 10

]

.

Figs. 2 and 3 show the RMSEs of the fused position and

velocity respectively. From Fig. 2, we can observe that, for the

position estimation, the proposed methods with cubic polyno-

mial and Gaussian kernels outperform the DCI algorithm for

ρ ∈ (−1, 1). Note that the case for cubic polynomial kernel

behaves nearly the same with the FCI algorithm while the per-

formance is totally better than the FCI algorithm for Gaussian

kernel except for ρ being negatively large. For the velocity

estimation shown in Fig. 3, the proposed method with cubic

polynomial kernel is slightly worse than the DCI algorithm but

better than the FCI algorithm. The case for Gaussian kernel

outperforms the DCI and FCI algorithms consistently. Note



that the performance of the proposed method with quadratic

polynomial kernel is worse than two classical CI methods

which is not presented in figures. One possible reason for this

phenomenon is that the simple kernel results in an inaccurate

estimate of covariance matrix.

VI. CONCLUSIONS

This work provides a framework based on kernel mean

embedding for distributed estimation fusion. Specifically, we

formulate the optimal fusion into an optimization problem to

minimize the sum of the squared distances between distribu-

tions in pairs, and adopt the MMD as the distance of two

embedded probability densities in an RKHS. Under Gaussian

distribution assumption, by analytically deriving the MMDs

for three kernels, the objective functions in optimal fusion

problems are specified. For the quadratic polynomial kernel,

the fused estimate can be expressed analytically, while for the

other two kernels, the numerical method can be employed.

Simulations show that the proposed fusion methods with

three kernels are generally effective, and specially the case

of Gaussian kernel consistently outperforms than the DCI and

FCI fusion methods.

Further research for more general local PDFs such as

ellipsoidal distributions and for heterogeneous distributions

under the framework of kernel mean embedding will be done

in the future. Specially, more efficient algorithms for solving

the related optimization problem will also be considered.
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